Abstract: The observability of discrete linear time-varying (LTV) systems with normbounded parameter uncertainties is analysed in this paper. Like in continuous case (Chung, et al., 1999) , the sufficient conditions, which ensure the observability of the uncertain system, are proposed. In discrete cases, reconstructibility is no longer equivalent to observability, which results in the different form of equation in the observability conditions. The proposed conditions allow the evaluation of the observability for the discrete LTV systems with norm-bounded parameter uncertainty.
INTRODUCTION
Previous studies on the robust stabilization of continuous linear systems with norm-bounded parameter uncertainties have also extended into the realm of discrete linear systems (De Souza, et al., 1993; Garcia, et al., 1994; Xie, et al., 1991; Xie, et al., 1994) . For the discrete cases, somewhat different robustness results are obtained due to the difference in the nature and the structure between continuous linear systems and discrete linear systems.
The study on the robustness of observability for continuous linear time-varying systems (Chung, et al., 1999) can also be extended for the discrete linear time-varying systems. Unlike the continuous cases, the observability and the reconstructibility are no longer equivalent for discrete linear time-varying systems. Therefore it is expected that the conditions that ensure the observability in discrete cases are different from those of Chung, et al. (1999) .
As related study, Moheimani, et al. (1996) proposed necessary and sufficient conditions for the robust observability of discrete systems. Although the systems and assumptions on uncertainties in Moheimani, et al. (1996) are similar to current paper, it seems that the definition of the robust observability and the results proposed are quite different.
In this paper, sufficient conditions for observability of discrete linear time-varying systems with normbounded parameter uncertainty are studied. The formulation of the norm-bounded parameter uncertainty for discrete linear time-varying systems is similar to that of the continuous case. Because of the inherent differences between continuous linear systems and discrete linear systems, different results for the robustness of observability are derived.
PRELIMINARIES
Consider the discrete LTV system.
where and are and ), ( ),
and is assumed to be a real and bounded function of k. and are the state variable vector , the input vector
and the output vector of the system, respectively. If is the transition matrix for , then the solution of the linear time-varying system (1) is given by,
The observability of LTV systems represents the ability to determine the state variable using the input and output of the system. It can be described using the concept of reconstructibility. The state at is said to be unreconstructible on if and only if the zero input response for the LTV system (1), which corresponds to the state at , is zero on . The discrete linear time-varying system (1) is reconstructible on if and only if the zero state is the only state that is unreconstructible on (Callier and Desoer, 1991) . Unlike the continuous cases, the observability and the reconstructibility are no longer equivalent for discrete linear time-varying systems unless in
(1) is nonsingular for all k . Since the condition that is nonsingular is too strong, we will not use the concept of reconstructibility and only reside in the concept of observability.
Consider the following linear map from to 
In the following sections, the robustness of observability for discrete LTV systems under the presence of norm-bounded parameter uncertainty is studied using these concepts.
THE ROBUSTNESS OF OBSERVABILITY
The robustness of observability for discrete linear time-varying systems can be obtained in similar manners to that of continuous linear time-varying systems (Chung, et al., 1999) . In this section a discrete linear time-varying system is considered with norm-bounded parameter uncertainty in its system matrix such as,
where and are real matrices with appropriate dimensions. It is assumed that
In order to study the robustness of observability for the discrete linear time-varying system (4), consider the linear map O ℑ from to , such as,
is the state transition matrix for the 
is an arbitrary norm-bounded parameter uncertainty, can be expressed as follows.
where ) , ( j k Φ is the state transition matrix for the system matrix . ) (k A Proof: It is proved by the mathematical induction. Suppose that 1
Hence (7) holds for 1
which implies that (7) holds for replaced by
Based on the lemma, the following theorem provides the sufficient condition for the robustness of observability for discrete linear time-varying systems. 
. Then it is observable on for all norm-bounded parameter uncertainty that satisfy (5) if the condition (10) holds.
are defined in the lemma 1 and is defined as
Proof: For an arbitrary nonzero and an arbitrary norm-bounded parameter uncertainty , consider the following linear map on ,
Consider the following matrix summation, 
Suppose that the linear time-varying system (4) is unobservable for some norm-bounded parameter uncertainty ) ( 1 ⋅ F that satisfies (5). Then there must exist nonzero vector state such that
Using (16) and (17), the following relation must hold.
The relation (18) contradicts the condition (10).
Q.E.D. 
Proof: Suppose that for an arbitrary nonzero , define , such as,
From (19) and (20), the following must hold. 
By the property of discrete linear operator's induced norm, the following can be obtained from (22). 
Combining (22) and (23), the following can be derived. 
. Then it is observable on for all norm-bounded parameter uncertainty that satisfy (5) if the following conditions hold for a number sequence
( 2 6 ) where , and are the solutions of the following matrix difference equations.
Proof: For an arbitrary parameter uncertainty )
Then the following must be satisfied.
where is defined in (20).
expressed as the solution of the following matrix difference equation. (27) is a symmetric positive semidefinite matrix, there always exists which is also a symmetric positive semi-definite matrix. The following equation holds for the matrix differential equation (27).
Since the inequality (33) holds for arbitrary normbounded parameter uncertainty that satisfies (5), the matrix difference equation (27) can be expressed as follows.
Hence . For all norm-bounded parameter uncertainty that satisfy (5), the following is satisfied.
Furthermore it can be shown that can be expressed as,
If the conditions (25), (26) 
Note that these matrix difference equations are backward equations. The forward equations for the robustness of observability for general discrete linear time-varying systems cannot be obtained using the concept of reconstructibility because, as previously mentioned, reconstructibility is no longer equivalent to observability in discrete cases unless the system matrices are always nonsingular. In order to apply the concept of reconstructibility, the system matrix must be nonsingular for all and for all norm-bounded uncertainties that satisfy (5) under the given norm bound. Hence the forward equations for the robustness of observability are relevant only for a specific kind of system, only when the nominal system matrix is nonsingular and the norm-bounded parameter uncertainties do not violate the nonsingularity of the system matrix. Since the forward equations have limited usefulness, only backward equations are considered in this paper.
Consider the following discrete linear time-varying uncertain system.
where the uncertainty, , is assumed to satisfy the following condition,
For the system (39) with the uncertainty constraint (40), state transition matrices of nominal system matrix and uncertain system matrix )
are respectively as follows:
. For evaluation of robust observability, theorem 2 can be applied. To apply the theorem 2, and in (20) and in theorem 1 must be calculated and the results are given by: 
According to theorem 2, if the following inequality (42) satisfies, the uncertain system (39) 
The left side of the inequality (42) 
CONCLUSION
The sufficient conditions guaranteeing the robust observability are proposed for discrete linear timevarying systems with norm-bounded parameter uncertainty.
Using the state transition matrix relationship between the nominal system and the uncertain system, the sufficient conditions which guarantee the observability under the norm-bounded uncertainty are derived. The observability grammian of the nominal system is also used in the derivation. It is proved that if the solutions of certain matrix difference equations satisfy the sufficient conditions, the robustness of observability can be established. Under the sufficient conditions, the observability map from the state to output space remains injective. For discrete cases, in the derivation of the sufficient conditions, the observability grammian is used instead of the reconstructibility grammian and the obtained matrix difference equations are in backward form while in continuous case they are in forward form.
